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Probabilities of Specfied Dimers or Trimers 
lin Random Linear Copolymers 

J. A. D. EWART 

Flour Milling and Baking Research Association 
Chorleywood, Rickmansworth 
Herts., WD3 5SH, United Kingdom 

A B S T R A C T  

Elementary combinatorial analysis was used to derive formulas 
for the number of arrangements of a random linear copolymer 
that contained none of a specified sequence, AB, ABB, BBA, ABA, 
o r  ABC. This enabled the probabilities of finding none, o r  at least 
one, of the specified sequence to be calculated. 

I N T R O D U C T I O N  

The problem of calculating the probability of runs of identical ele- 
ments of specified length in a random sequence has been solved by 
Mosteller [ 11. Bateman [2] simplified the formula. 

two, o r  three, nonidentical elements have been calculated. 

the sequence is first  obtained. 

In this paper the probabilities of finding at least one sequence of 

In each case a formula for the number of arrangements lacking 
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1510 EWART 

D I S T R I B U T I O N  O F  I D E N T I C A L  B A L L S  I N  A R O W  
O F  D I S T I N G U I S H A B L E  C O M P A R T M E N T S  

The number of ways in which r identical white balls and (u - 1) 

Cr. The (u - 1) r+u- 1 identical black balls can be arranged in line is 
black balls may be regarded as partitioning the white balls into u 
compartments, i.e., the (u - 2) spaces between black balls plus the 
two end positions. Therefore, the number of ways (W) of distributing 
r identical objects among u distinguishable compartments when empty 
ones are allowed is given by 

r+u- lC W =  r 

P R O B A B I L I T Y  O F  AT L E A S T  ONE AB 

A random copolymer chain contains a monomers of A, b of B, and 

In any arrangement of A' s and X' s there are a + x + 1 places 
x unspecified monomers X. 

where B' s can be put. To fulfill the condition that there are no AB' s, 
the a positions on the RHS of A are forbidden. Therefore B' s can be 

arranged in b+xCb ways that have no AB' s, using Eq. ( 1). Dividing by 
the total number of ways of distributing B' s and subtracting the quo- 
tient from 1 gives the probability of finding at least one AB(PAB): 

P R O B A B I L I T Y  O F  A T  L E A S T  ONE ABB 

The arrangements of the monomers may be partitioned into sets ,  
each member of a particular set containing exactly i AB' s, where i 
runs from 0 to (lesser of a o r  b). 

To make arrangements that contain exactly i AB's, any one of the 
Ca arrangements of A ' s  and X's is taken and i A ' s  are chosen (in a+x 

a Ci ways) and fitted with a B on their RHS. The other (b  - i)B's are 
distributed anywhere except on the RHS of (a - i) free A ' s  ( to avoid 
making more than i AB' s) and the RHS of i AB's ( to  avoid making 
( ABBs). Therefore, 
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SPECIFIED DJMERS OR TRIMERS IN LINEAR COPOLYMERS 1511 

number of permitted places = a + x + 1 - ( a  - i) - i 
= x +  1 

NB: AB' s are counted as single units since splitting AB with B would 
duplicate the sequences in which the B goes on the RHS of AB. 

Hence, the number of ways of making arrangements containing ex- 
actly i AB' s from a particular arrangement of a A ' s  and x X's is 

a .b+x-i 
'i 'b-i from Eq. (1) 

Therefore the total number of ways of forming the polymer chain with- 
out any ABB' s is 

lesser of 
a o r  b c aCi.b+x-i 'b- i 

a+xC 
a 

Dividing by the total number of arrangements, (a + b + x) !/a Ib !x ! , 
gives the probability of no ABBs, PATB. 

lesser of 
a o r  b 

a+xCa C aci.b+x-i 
'b-i 

i = O  - 
'ABB - (a + b + x)! 

( 3 )  

a!b!x! 

Therefore, the probability of a t  least one ABB (PABB) = 1 - PmB. 

By symmetry, Eq. (3) also gives the probability of no BBA' s. 

P R O B A B I L I T Y  O F  AT L E A S T  ONE ABA 

Let the set of random copolymers that have exactly i BAT s each be 
partitioned into subsets such that each member of a given subset con- 
tains exactly ( i  - j )  free BA' s and j BBA' s. 

places provided by the X' s, not more than one per  place, in 
ways. 

To make these, first distribute (i - j )  BA's among the (x + 1) 
x+lc 

i- j 
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1512 EWART 

Among the x + i - j + 1 places for the j BBA's, (i - j )  on the LHS 
of BA' s are forbidden because they would give rise to ABA' s. There- 
fore, using Eq. (l), the j BBA's can be distributed in x + 1 allowable 
places in x + j ~ .  ways. 

side AB' s o r  BBA' s are not counted because they would lead to se- 
quences identical to those where the B is put on the RHS of an AB o r  
the LHS of a BBA. The ( i  - j )  places on the LHS of BA' s a r e  forbidden 
because they would make more BBA' s, thus putting the arrangement in 
a different subset. The number of places for the B ' s  is therefore x + 
( i  - j ) +  j + 1 - ( i  - j) = x +  j + 1. By Eq. (1) the (b  - i - j ) B ' s  canbe  

J 
In distributing the rest of the B's, (b  - i - j )  in number, places in- 

b+x-i distributed among them in 'b-i- j ways* 
Lastly, the remaining (a - i) A' s must be placed. Positions inside 

BA o r  BBA are ignored for reasons already given. Of the x + (i - j )  + 
j + (b  - i - j )  + 1 = (b + x - j + 1) places, (i  - j )  are forbidden on the 
LHS of free BA's (to avoid ABA's), and (b - (i - j )  - 2j) on the RHS 
of f ree  B' s (to avoid making extra BA' s). Hence the allowable places 
= ( b + x -  j + 1)-  ( i -  j ) -  ( b -  i -  j )  = x +  j + 1. a+x+ j - i So by Eq. (1) the (a - i) A ' s  can be placed in Cami ways. 

Therefore, the total number of arrangements, nABA, without ABAs 
is obtained by summing over all sets: 

least of a, b o r  
(x+b+l) lesser  of 

2 i o r  (b-i) 

n - =  C ABA 
x+lc .x+j b+x-i a+x+ j - i c i - j  C .  j 'b-i- j' 'a-i 

i= 0 j = greater 
of 0 o r  
(i-x- 1) 

Therefore, 

p- = "m 
ABA ( a + b + x ) !  

(4 )  

a !b !x ! 

and the probability of at least one ABA = PABA is 1 - P- ABA 
NB: The summation limits need explaining. The maximum value of i, 
the number of BA's, is the lesser of a o r b ,  but if x << a, b, then a o r  b 
>> 1 + x, so the BA' 8 cannot all be accommodated, not more than one 
per  place, among the X's unless the excess a re  converted to BBA' s. 
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SPECIFIED DIMERS OR TRIMERS IN LINEAR COPOLYMERS 1513 

Let im be the maximum permitted limit for i. When there are im 

BA's and (b - im) B 's  left to convert them to BBA's, there must be 

at least  im - (b  - im) free BA' s, which must 5 (1 + x), hence im 5 

(x  + b + 1)/2. 
The upper limit of i is therefore the least of a, b o r  (x  + b + 1)/2. 
If there are i BA' s,  there a re  (b  - i) B' s left to form the j BBA' s. 

The lower limit of j is governed by the fact that there cannot be 
Therefore, the upper limit of j will be the lesser of i o r  ( b  - i). 
more free BA's than there are spaces for them among the X's. 
Therefore 

, 

i - j 5 l + x  

hence, 

j Z i - x - 1  

Thus, j must be the greater of 0 o r  (i - x - 1). 

P R O B A B I L I T Y  O F  AT L E A S T  O N E  ABC 

When c monomers of type C are added to the chain, all the arrange- 

( a +  b + c + x ) !  

ments, 

a!b !c !x! 

in number, are partitioned into sets that have exactly i AB' s per mem- 
ber, 0 5 i 5 ( lesser  of a or b). x+ic The AB' s can be placed among the X 1  s in 

The (a - i) A ' s  can then be distributed (counting AB' s as indivisible, 
ways. 

ways, by Eq. (1). as explained before) in a-i a+xC 

The (b - i) B1 s may be distributed anywhere except inside AB' s, o r  
on the RHS of free A ' s  (to prevent a change of set). Allowable positions 
= x + i + (a - i) - (a - i) + 1 = (x + i + 1). Therefore, the number of 

b+x ways is Cbmr 
When the C,' s are distributed, a difficulty arises. Clearly, to avoid 

an ABC, the RHS of AB is forbidden. If, however, an AB is split by a C, 
then not only will this not lead to duplication of a sequence but it will 
free the RHS of the AB to take one o r  more C' s. 
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1514 EWART 

To deal with this, the set with i A B ' s  is partitioned into subsets. 
In a given subset each member has exactly j AB' s split by C' s, These 
j AB' s can be chosen in iC. ways, leaving ( c  - j )  C' s to be distributed, 

subject only to restriction that the (i - j )  places on the RHS of unsplit 
AB' s are forbidden. The number of allowable places, including one 
inside each split AB which is now allowed to take further C's, is (1 + 
the numbers of X's, free A ' s ,  free B ' s ,  + twice the number of split 
AB' 8). Each indivisible unit adds one place, but the act of splitting 
the AB creates an extra place, hence the factor of 2. 

a + b - 2i + 2j. 

a+b+c+x+j - 2icc - ways. 

summed over all sets and divided by the total number of arrangements, 
the probability of no ABC' s is obtained: 

J 

Thus, the number of places = 1 + x + (a - i) + (b - i) + 2j  = 1 + x + 

The ( c  - j )  C ' s  can therefore, by Eq. (l), be distributed in 

If the number of ways of forming sequences with no ABC' s is 

lesser of lesser of 
a+b+c+x+j- 2ic a or  b i o r  c 

c- j x+ic .a+x .b+x 
i 'a-i 'b-i 

i = O  j = O  

( a + b + c + x ) !  ' A m  = 

a!b !c !x! ( 6) 

therefore, the probability of at least one ABC (PABc) = 1 - PA-Bc. 

These formulas have been tested as follows: 

Equation (2) 

Equation (3) a = 2; b = x = 4 

PAX = 2 
3 

- 2 325 'ATB- 

444 780 
PABB = 1 441 440 

a =  5; b = 7; x = 4 

Equations (4) and (5)  a = 4; b = 2; x = 2 ' W A =  258 

14 044 'ABA= z77zu a = 5; b = 4; x = 3 

a = 5; b = 5; x = 3 P K ~  = 35 132 
-7Fm-z 
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SPECIFIED DIMERS OR TRIMERS IN LINEAR COPOLYMERS 1515 

754 600 
- 1 441 440 
- a = 5; b = 7; x = 4 

Equation (6) 

= 9 281 160 
PABC 12 612 600 

Results obtained by computer generation and counting of sequences 

a = 3 = x; b = 4; c = 5 

agreed with those obtained by calculation from the formulas. 
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